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On the Gibbs States for One-Dimensional Lattice
Boson Systems with a Long-Range Interaction
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We consider an infinite chain of interacting quantum (anharmonic) oscillators.
The pair potential for the oscillators at lattice distance 4 is proportional to
{d*[log(d+1)] F(d)} ~*, where ¥, ., [rF(r)]~' < w. We prove that for any
value of the inverse temperature f >0 there exists a limiting Gibbs state which
is translationally invariant and ergodic. Furthermore, it is analytic in a natural
sense. This shows the absence of phase transitions in the systems under
consideration for any value of the thermodynamic parameters.
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INTRODUCTION

One-dimensional systems of statistical mechanics, both classical and quan-
tum, are believed not to exhibit phase transitions provided that the inter-
action between particles decreases fast enough with the distance. A border
case is the inverse-square-power interaction: classical one-dimensional
systems with that type of interaction were investigated in ref. 3. Quantum
systems are more difficult to study; even for relatively simple classes of
systems (spins on a one-dimensional lattice or one-dimensional particle
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systems with a fermion-type interaction) the rigorous proof of the absence
of phase transitions requires sophisticated techniques.

In this paper we investigate a class of one-dimensional quantum lattice
boson systems (chains of quantum anharmonic oscillators) with long-range
interaction potentials that decrease slightly faster than the inverse square
power of the lattice distance. The main technical tools to use are the
Wiener integral representation® and the cluster expansions which, in the
one-dimensional classical situation, were elaborated in ref. 1. The absence
of phase transitions is expressed here in the following terms: for any value
of the inverse temperature §> 0 there exists a limiting Gibbs state which
is translation invariant and ergodic. Moreover, this state is analytic, in
terms of the self-interaction and two-body interaction potentials, in the
sense that the expectation values of certain observables admit an analytic
continuation to a complex domain containing a part of the real axis.

Our method may be considered as alternative to the used in refs. 7 and
8. We aim to extend our results to one-dimensional continuous quantum
systems in a separate publication.

The paper is organized as follows. In Section 1 we formulate our main
results (Theorems 1 and 2) and introduce basic objects for future use. In
Section 2 the proofs are accomplished. An Appendix contains the proof of
superstability estimates which are not related to the one-dimensional
structure of systems under consideration.

1. PRELIMINARIES, RESULTS, AND TECHNICAL TOOLS

A Hilbert space 5 identified as L,(R) is associated with any site j of
the one-dimensional lattice Z. By %; we denote the C*-algebra of the
operators in . Given a finite set 4 = Z, we identify a Hilbert space 5,
with L,(R”) (which is noting but the tensor product ® ., #) and denote
by %, the C*-algebra of the bounded operators in #,. The inductive limit
lim , ,, %, is denoted as 2; this is the *-algebra of local observables of our
system. Its completion in the operator norm is the C*-algebra # of
quasilocal observables. In the sequel we do not distinguish between the
operators in J#, and the corresponding elements of 4.

The action of the space translation group S,, yeZ, on £ is defined
in the standard way.

By g; and p; we denote the position and momentum operators in ¥#;
(or the corresponding operators in s, with 43 j):

d
qu(xj) = xjf(xj)a ij(xj) = _i'g;jf(xj)
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The Hamiltonian (the operator of the energy) H, of the system in a finite
“volume” A is the self-adjoint operator in %,

H,=K,+U, (1.1)

Here K, is the kinetic part and U, the potential part:

K,=3) p} (1.2)
jeAa
and
UA=UA,0+ UA,! (13)

where U, , is the self-interaction energy and U, is the two-body inter-
action energy

Uso= Z D(q)), Ugr= % Z ¥-g 9;) (14)
jeA hiedAj#t}’
Here, &:R - R (a self-interaction potential) and ¥, RxR-R
(a two-body interaction potential, at distance d), de Z*, are C>-functions;
¥, is symmetric. [ We use the same symbols for denoting functions (of real
variables) and the corresponding multiplication operators.] We list below
the conditions that are imposed on the interaction potentials.

(I) The function ¥,(x, y) obeys

(Ix|+ 1)yl +1)
FFd)logd+1)y YER (15)

! lpd(x, y)l <

where F is a monotone function Z* — R* with

Y [rF(r)] '< o (1.6)
reZ
(IT) In addition, we suppose that there exists r°> 0 such that for any
finite AcZ, x,=(x;, je A)e R", and positive integer r >r°,
U(fr)(x/i)? z (013?,?"52) (1.7)
jed
where ¢, >0 and ¢, R are constants. Here

UGS(x,)=4 > P X))+ 3 P(x)) (1.8)

jiedj=jIsr jed
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The bound (1.7), with r greater than the length of A, is usually cailed a
superstability condition.

At a certain stage we shall need a similar condition for the derivatives:
(III) The functions

o* o*
P = Bx), PP ) =i Falxy),  w=1,2

satisfy the bounds

(xI+ D)yl +1)

< ,  xyeR, u=12 1.9
'S FRdlogdr1y TYER A (19)

|74 (x, »)

and
|®"W(x)| <exp(&,x*—&,), xeR, n=12 (1.10)

where ¢, >0 and ¢, R are some constants.

Examples of potentials @ and ¥, satisfying the conditions stated are
easily provided by “polynomial” interactions.
A Gibbs state in a finite volume A < Z is defined by

$ala)=trap,), acB, (1.11)
where p , is the density matrix
pa=E7"exp(—BH ) (L.12)
=, is the partition function '
Z =trexp(—fH,) (1.13)

and f >0 is the inverse temperature of the system. The existence of a state
¢, is guaranteed by the following.

Proposition 1.1. Under the condition (II), for any >0, the
operator exp(— fH ,) is of trace class.

Being of trace class, the operator p, is determined by its integral
kernel k (x4, y,):

pAf(xA)=LAdyAkA(xA,yA)f(yA), feL,RY), x,,y,eR* (L14)

where dy , denotes the Lebesgue measure on R4,
The quantity A,= —1/|4]|In tr exp(—BH ,) gives the free energy per
lattice site in the volume A (|A4| denotes the number of lattice sites in A).
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Actually, it is of interest to consider ¢ ,(a) also for some unbounded
operators a in %, (this is possible when ap, is a trace-class operator).
Good examples are the position and the momentum operators ¢;, p;, j€ A
and functions of them such as the Hamiltonian H, and its kinetic and
potential parts, K, and U,. It is also interesting to consider the
Hamiltonian H, for a “subsystem” in a smaller volume J< A as well as its
kinetic and potential parts. Finally, we can take a “relative” potential
energy operator U, . ,=U,—U,.

In general, we consider operators of the form &, = #(q;, je J), where
Z,: R > R is a measurable function such that

o] T @5t (115)
jeJ

where ¢, <c¢; and Z,eR [cf (1.7), (1.10)]. We can also treat a more
general case where & is a function of an infinite number of variables, but
its “essential” dependence is upon variables associated with a finite set
J<Z. An example of this kind is U,,,,,, the potential energy of a sub-
system in J relative to the whole exterior Z\J. See Theorems ! and 2
below. To avoid technically complicated constructions, we omit a formal
general setup related to functions of that type; the interested reader may
reconstruct it by following the example mentioned.

The formalism introduced so far is indeed insensitive to the dimen-
sionality of the system: we can replace the lattice Z by its multidimensional
analogue Z*, v> 1, and the single-oscillator phase space L,(R) by L,(R¥),
k= 1. Also, the potentials may not be translation invariant, in which case
the self-interaction will be described by a family {®;, j€Z} and the two-
body interaction by a family {¥; ., j, /'€ Z}. This type of model is called
a general system of (quantum) oscillators (later on, we make this definition
precise). As pointed out earlier, the main results of this paper are
.formulated for the one-dimensional case (v=1) and translation-invariant
interaction potentials. However, some auxiliary assertions (see, e.g.,
Lemma 3 below) are of interest for purposes outside this paper and are
stated in a general situation.

We are interested in studying the limits of ¢, and A, when A4 7 Z.

Theorem 1. Suppose that the conditions (I) and (II) are fulfilled.
Then, for any p >0, the foliowing hold:

(a) There exists the limit

A= lim 1, (1.16)

AL

(the free energy of the infinite system).

822/70/3-4-31
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(b) There exists the w*-limit

¢=lim ¢, (1.17)

ArZ

which defines a state ¢ on C*-algebra 4.

Furthermore, the state ¢ is locally normal [ie., is given by a family
(p"”) of local density matrices], is translationally invariant, and has the
following mixing property:

limg(a,5,a)=4(a) d(az) (118)

Hence, ¢ is ergodic, i, ¢ gives an extreme point of the set of transla-
tionally invariant states on the C*-algebra #. For any finite J< Z, the
operator p") acts in #; it is positively defined, of trace class, and with
tr p¥'=1.

(c) The functionals ¢(%;) [defined as tr(%,)p"’] are finite for any
finite J= Z and any measurable function %,: R - R which obeys (1.15).
In addition, they coincide with the limits

lim ¢ (%) (1.19)

In particular, this is true for &, = U,. Moreover, there exists a finite limit

¢(Ujyz0)= Pn; U, 20)= /ltl,rpz ¢ 4(Uy00) (1.20)

(d) 1If, in addition, condition (IIT) is valid, then, for any finite J= Z,
the integral kernel k£ of operator p“? is a C>-function of arguments x,,
y,€R’. Furthermore, ¢(p?) [defined as tr(p?p{’))] is finite and coincides
with the limit

lim ¢ ,(p7) (1.21)
ArZ
Remarks. 1. The kernels k) are given by the formula [cf. (1.14)]

pOf =y kP v () LR, xpy,€R7 (122)

where dy, denotes, as before, the Lebesgue measure on R”; these kernels
are formally determined almost everywhere with respect to this measure.
Speaking of their smoothness property, we have in mind their variants that
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are determined everywhere on R”’. The same is true for the analyticity
property.

In fact, this remark holds for every kernel we deal with in the sequel,
and for every property that is stated for any x,, y,eR’.

2. In view of the translation-invariance property of ¢, #( p?) does not
depend on / and also ¢(Us,;) and ¢(Us ;5.s,,) do not depend on w.

The following theorem expresses the analyticity properties of the
limiting state ¢ constructed in Theorem 1.

Theorem 2. Let the functions &(-, z;) and ¥,(-,z,) depend on
parameters z,€ C, /=0, 1, in the following way:

dj('a ZO)=ZO¢5 Td(',21)=21 gld (123)

where & and ¥, satisfy conditions (I) and (II). Then, for any >0, the
following hold:

(a) The free energy 4 is a real analytic function of variables z,, z; in
the region ¥ = {z,eR"™, z; € [0, z,]} which has an analytic continuation
in a complex domain in C? containing ¥".

(b) For any finite J and any x,, y, € R’, the same assertion holds for
the kernels k“(x,, y,). Furthermore, the same is true for ¢(%;), where F,
is as in Theorem 1 (in particular, for F,= U,). Finally, the same is true for
U 1 200)-

(c) For any finite J and a Hilbert-Schmidt operator ae %,, ¢(a)
admits an analytic continuation in a complex domain of C? containing 7.

(d) If in addition, the condition (III) is valid, then ¢(p?) is also a
real-analytic function of z,, z, € ¥ which admits an analytic continuation
in a complex domain containing ¥". Moreover, for any finite J and any
X;, y,€RY, (8#/0x*) kY(x,, y,) and (8*/8y*) kYNx,, y,), u=1, 2, are real
analytic functions which again admit an analytic continuation in a complex
domain of the same kind as before.

Remarks. 1. The variables z, and z, are subject to the restriction
Re 2z >0, 0 < Re z; < Re z, in order to preserve the superstability condition
for Imzy=Imz, =0.

2. Of course, one can admit a more general form of dependence of
the potentials @ and ¥, on the variables z, (with the same kind of restric-
tions as in the previous remark). We have chosen the form of (1.23) for the
sake of simplicity of the exposition.

3. Combining the results of this paper with those from ref. 8, one can
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also prove a theorem establishing a (weak) KMS property of the limiting
state ¢.

4. The complex domain of analyticity of ¢(-) in the assertions (b)
and (c) of Theorem 2 depends on the operator in the argument of ¢. The
same is true for the assertion (d), where the domain of analyticity of
kY(x,,y,) depends on x,, y,. However, under some extra conditions
controlling the increasing of &, or the decreasing of the kernel of a Hilbert-
Schmidt operator a, this domain may be chosen independently of %, or a.
Similarly, the analyticity domain of k’(x,, y,) may be chosen indepen-
dently of x,, y, running over any given compact domain in R’. In any
case, a “width” (in “imaginary directions”) of the complex analyticity
domain varies with z, and z, and in general tends to zero as z, — 0.

In the sequel, we write

zo=14+wy, zy= 14w, (1.24)

incorpotating in the potentials @ and ¥, “unperturbed” values belonging
to ¥ and treating w, and w, as small complex perturbations.

5. As was noted before, condition (III) involving derivatives of
functions @ and ¥, is used only for proving the assertions concerning the
functional ¢( p¥).

We now introduce some basic technical tools and mention preliminary
facts which will be repeatedly used below. The main statement of
Theorem 1, the existence of a limiting state ¢ [see assertion (b)], is a direct
corollary of the following fact. For any finite J< Z the limit

lim p§) =p") (1.25)

ArL

exits in the trace norm in 3. Here p!) is the density matrix for the
restriction of the state ¢, to the C*-algebra 4,:

P =tr,, Pa (1.26)
By using Lemma 1 from ref. 14, one reduces the problem to proving
that the limit (1.25) holds in the Hilbert~Schmidt norm in . It is

convenient to pass to the integral kernels kY/(x,, y,), x;, y,eR’, of the
operators p'y), J< A, which are given by

pA =y kP 3 £(72) (1.27)



Gibbs States for 1D Lattice Boson Systems 993

In terms of the kernels £°(x,, y,) the Hilbert-Schmidt norm convergence
means that

lim dx;xdy, [k (x), y)—kP(x )PP =0 (128)

ArZ IR xR/

Here k¥)(x,, y,) is a limiting kernel that defines the limiting density matrix
p") in the same way as in (1.27). By Lebesgue’s dominated convergence
theorem, it is enough to check that the kernels kY satisfy, uniformly in
A>J, a bound

0<kPxs, y)<kPxs v, x5 y,6R7 (1.29)

with ke L,(R’ xR’} and that the following pointwise convergence takes
place:

lim &%(x,, v =kVx, ), x5, ¥,€R; (1.30)
ArZ
The translation invariance of the limiting state ¢ follows from the
equality for the kernels &/

kD x,, y,)=kSNS,x,, 8,5, x5, y,€R’, uel (1.31)

where S,J=(j:j—uelJ) and S,z, denotes, for z,=(z;, jeJ)eR’, the
element of RS+ given by

Squ=(zj’.,,j'eSuJ) with z},:zj,_u
The proof of the mixing property (1.18) proceeds in a similar way.

Here the problem is reduced to proving the following relation for the
limiting kernels k:

. ) @
lim kW72 S« )(xjm ' S,,x,m, Y Vv Su yJ(Z))
u— 0
) @
= kYD ,m, yy0) kY (x g0, y ) (1.32)
n 2)
X /i, meERJ( , X 421, meER"(

The symbol V/ indicates the operation of “gluing” configurations over
nonintersecting volumes on Z.

The ergodicity of the limiting state ¢ follows from the mixing property
by virtue of general theorems (see, e.g., ref. 1).

Let us now comment on the existence of ¢(F;) [see assertion (c) of
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Theorem 1]. Without loss of generality, we can assume that the function &,
is nonnegative. We can write

BT =[x KPes, x)) Fil) (133)

A similar equality holds for ¢(%;). Under the condition (1.15) we will
establish the estimate

KD(x,, x,) %(x,)sexp[— 5 (glx}—_cz)] (1.34)

jeJ

for some constants ¢, >0 and ¢,eR depending on %,, but not on
x;,y,€ R’ The existence of the pointwise limit in (1.30) and Lebesgue’s
dominated convergence theorem will then imply the convergence to a finite
limit in (1.19) and the coincidence of the limiting value with ¢(&%).

In a similar way one can prove the existence of the limits in (1.20) and
their coincidence with ¢(U 5, ,). We omit a detailed argument, since it is
the same as in the case of ¢ ,(p?).

Finally, the smoothness of the limiting kernels k*? and the existence of
#(p?) [see assertion (d) of Theorem 1] is established as follows. For any
finite A<Z and J< A the kernel k£’ is a C*function of the variables
x;, y, and it indeed converges to a limit, as A4 ~Z, together with its
derivatives

u o
_k%)('xl’yl) and —;k(/{)(-xjay.l)a jEJ’ x./ayJERJ5 lu=1’2
ax;‘ ayj

(1.35)

Moreover, the convergence is uniform in x,, y, running over a compact set
in R’. Fubini’s theorem then implies that the limiting kernel ¥’ is a
C>function of x,, y,eR’ and that the limits of the derivatives coincide
with the derivatives of the limiting kernel.

In addition, we establish a bound: for any finite A < Z and J< 4,

u

%)
Aoz k&l,)(xJ7 yl)rx1=yj

ox* SCXP[— > (5135?—52)] (1.36)

jeJ

where, for a fixed J; constants &, >0 and ¢,€ R do not depend on A4 and
x;, y,€ R. We then write ¢ ,(p?) as an integral

2

2 .
601 = [, x| 3 K0T oo (137)

3
ox;
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A similar representation holds also for ¢( p7). After the estimate (1.36), the
existence of a finite limit of the quantity (1.37) and its coincidence with
#(p?) follows, as before, from the convergence of the derivative (1.35) and
the Lebesgue dominated convergence theorem’.

A key role in the proof of the assertions stated is played by the Wiener
integral representations for the partition function =, and the kernels k¢,
J < A, which follow from the Feynman-Kac formula for the integral kernel
e, of the operator exp(—fH ,) (see ref. 5):

A(-anyA)=fww) dPP)  (w,)exp[—V (w,)], x.y.€R* (138)
X404

Here, the space W;’i{ ;4 Is the Cartesian product

where x = (x;, je A), y,=(y,, je A), and WP, x, yeR, is defined as the
set of continuous functions (paths) w: [0, ] — R with w(0)=x, o(f)=
which is endowed with the standard Borel space structure. Furthermore, a

measure P) s the product

jEA P

s YJ

where P is the nonnormalized conditioned Wiener measure on W)
(this means that P“’)(W‘B))—(2nﬁ) V2 exp[ —1/2B(x —y)*]). Finally,
Viw,) is the “potentla] energy” of the path “configuration” w,=
(w;, jeA)e WP  1In analogy with (1.b), (1.2c) we set

xXA> Y.
Valw,)= VA,O(@A) + V(@) (1.39)
where
Volw )= Z ‘P(a’j)a Vilw,)= % Z wij-—j'l(wﬂ wj') (1.40)
JjeA LjeAjEj’
ﬂ I ﬂ 14
ol@)=| B@)d, Yo 0)=] Pl o'@)d  (141)
For the sake of simplicitly, we omit the index (f) from the notations.
We also identify the space W, ,, xeR, with a single space W=W,,

by means of the mapping w— w+x. Measures P, and P=P,, are
transformed thereby into each other. A measure space (W 4 41, P4 1) will

" As a byproduct of this argument, we get that ¢(p,) is finite (and equals zero).
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be identified with the product-space (W*, P*). Sometimes it will also be
convenient to use the map W, ,—» W, ,givenbyw—-»w+L, ,, where L, ,
is the linear function L, ,(f)=x+t"'(y—x). The measure P, , s
transformed thereby into exp[ —1/28(x—y)*]Py,. The product-space
W,, ,, is transformed into W’ be a vector analogue of this construction,
where the function L,, ,(z)=x,+ 187 (y,—x,) is used.

It is easy to check that, under our conditions on functions ¢ and ¥,
the kernel e, is a continuous function of variables x, and y,. According
te Mercer’s theorem and out previous arguments, we can write the
foilowing formulas for the partition function £, and the kernels k¢

E, = R"xW"duA dP*(w ) exp[ — V(w,+u,)] (1.42)
and

kP y)=(EN" EQ(x 0, x5, y,€R7 (1.43)
where

2Pty =ep| VBT -nP [[ L dug,dP(o,)

jeJ
x|, (@) expl V(@ +up) v (0,4 L, 0]
" (1.44)

Here w4+ u, is the collection of the shifted trajectories (w; +u;, j€ 4), and
du 4, is the Lebesgue measure on R!\. The symbol \/ has the same meaning
as in (1.32).

We give at this point a scheme of the proof of Proposition 1.1 and
Theorems 1 and 2 (taking into account the intermediary assertions stated
so far in the course of the exposition).

Using formula (1.38), we reduce the probiem of proving Proposi-
tion 1.1 to checking that the integral in the RHS is finite for any value of
B>0. This is a straightforward (though tedious) calculation based on the
superstability condition (1.7). See the bound (2.32) in Section2 of this
paper. '

The above arguments show that part (b) of Theorem 1 follows from
Lemma 1 (see below). Furthermore, the proof of the part (a) is contained
in the proof of this lemma.

Lemma 1. Assume that the interaction potentials & and ¥, satisfy
conditions (I) and (II). Let the kernels k¢’ be given by (1.43). Then the
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pointwise limit (1.30) exists and the limiting functions &% obey (1.31),
(1.32). Moreover, the kernels k¢’ (and hence also the limiting kernels k)
satisfy the bound (1.29) uniformly in A with a function £{’ that has the
properties listed above.

For any function &, obeing (1.15) the bound (1.34) is fulfilled.

If, in addition, condition (III) is valid, then the kernels k')’ are of class
C? in the variables x,, y, and they converge to limits together with their
derivatives (1.35). Moreover, this convergence is uniform in x,, y, running
over a compact set in R”. Finally, the bound (1.36) holds.

Theorem 2 follows from Theorem 1 and Lemma 2:

Lemma 2. Assume that the potentials @ and ¥,, d> 1, depend on
the parameters z,, z; as indicated in (1.23). Under conditions (I) and (II),
for any p there exist neighborhoods ¢, @, of the origin in C such that, for
any finite 4 =Z, 1, admits an analytic continuation in w,e (), and |4 ] is
bounded uniformly in 4 and w,e @, =0, 1. Farthermore, as 4 7 Z, the
analytic functions A, converge, uniformly in ¢, x @;, to a limit which is
again an analytic function in w,e @, /=0, 1.

Similarly, for any >0, any finite J=Z, and any x,, y,€R’, there
exist neighborhoods ¢, and ¢, of the origin in C such that for any finite
A=2J the kernel £%(x,, y,) admits an analytic continuation in a domain
Oox 0, and [kY(x,, y,)| is bounded uniformly in 4 and w,e (), /=0, 1.
Furthermore, as A ~Z, the analytic functions k$’(x,,y,) converge,
unformly in @, x @, to a limit which is again an analytic function in w,e (),
[=0,1.If x,, y, run over a compact set in R”, then the neighborhoods ¢/
may be chosen independently on x,, y, and the convergence is uniform
in x;,y,.

Moreover, similar assertions hold, for any >0 and finite J= Z, for
¢ 4(a), where a is an operator in 4, of the kind considered in assertions (b)
and (c) of Theorem 2.

If, in addition, condition (III) is valid, then the same assertions hold
for the derivatives (1.35) and ¢ ,(p;) given by (1.37).

The proof of Lemmas 1 and 2 are similar and are given in Section 2.
In the following we shall use the notation

S=RxW and s=(x,w)eS (1.45)
as well as

S=RxRxW and §={(x, 5, w)eS (1.46)
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Of course, S may be identified as a “diagonal part” of S; in the sequel we
use this fact without mentioning it. The spaces S and S are provided with
the norms

™ 8 qi/r
Ish,=| [ s |, r=12 (147)

and

iy ]
151, = jo s de |, r=1,2 (1.48)

where
s(y=x+o(t), 5t)=L, (1)+w(t)
Given a finite J < Z, we denote
s;=(s;, jeJ)eS’ (=R x W), s;=(x;;w;)e8S (1.49)
or, equivalently,
s;=(x;;0,),  x,eR, w,eW’
and
5,=(5;, jeJ)eS’ (=R xR/ x W), 5=(x;, y;; 0;) €8 (1.50)
or, equivalently,
S,=(xpy505,  x,¥,€R, 0,eW’

As before, s, and §; are called path configurations over J.

We also denote by ds, the measure du,dP(w,) on S’ and use, as
before, the notation s, v s, (and also s, v §,, 5§,V s,, etc.), J and J’
being nonintersecting finite subsets of Z, for the operation of “gluing” path
configurations. The space translations S,, #€ Z, act on path configurations
in a natural way: they may S’ onto S’ and transform the measure
du,dP(w;) to dus,dP(ws,). We can then use the notation ¢(s),
Y (85, 87), Val(sy), and V(s 4, v 5,) and define

KP5)=(2,)"" EYS)) (1.51)
where

EPE) =], @5 ex0L=V a5V 500)) (1.52)
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This allows us to write

ku (xs, y,)=¢xp [_I/Zﬁ Z X;—¥;) ]J dP’(w,) k(J)(SJ) (1.53)

JjEJS

with w, = (®;);c, and 5,=(5,);c 5, where §;= (x;, y;; w;).

We are now going to write down formulas for the derivatives (1.35).
For the sake of brevity, we restrict ourselves to the case of the derivatives
0%/0x%; obvious modifications needed to cover the case of 6*/0yY may easily
be done by the reader. Introducing the notation

e ¥(3) = j: dt (1= B~y dW(5(s)), u=1,2, §€S (1.54)

YUE, 5 = J.Bdf(l—ﬁ“’t)“E”d(f(t),f’(i)), p=1,2, §35eS (155)
0
and

(VPG =0wE)+ Y ¥ 46,5),  5,=(sJed)  (1.56)

Jledh £f

we can write, by using (1.42)-(1.44) and (1.51)-(1.53),

0 1
ARy = ()=
ax k3 (xs y1) (£4) !:ﬁ

J

(x y;) Eq(xy y,)+ (H(J)(xl’yl))}”]
(1.57)

where

("U)(xJ,J/J))“)—eXP [—-I/Zﬂ Z (x =¥ }J dPJ(wJ)

jed
% fSA\J ds”\j( Va )/('”)(‘STJ v SA\J) exp[—V4(5, v SA\J)]
§,=(xs, ys50,) (1.58)

and

* {
S v = E0 | (5 Comn =) St )

2
+5 (=) ’(x,,yj))‘“—(5&{)(xj,y,)>;”] (1.59)



1000 Olivieri et al.

where

(ED (s, 7)) = exp [— 128 S (xj-——y,-)ﬂ

jeJ
x J.w/ de(wJ) fsA\J dSA\J {[— (VA)J('“(EJ v SA\J)]2

+ (VA)J('Z)(E.I v SA\J)} exp[ = V45,V 5.,)]
§5,=(xs 5, 0)) (1.60)

The idea that we follow in the sequel (see the end of Section 2) is to
treat separately the addends in the square brackets [---] in (1.57) and
(1.59) and, in the case of (1.60), the single addends in the braces {---} in
the integrand. Furthermore, those addends are decomposed into series,
according to (1.56), and we deal with a single term in such a series. In fact,
at a certain point we need to consider separately the “positive” and
“negative” parts of these terms, meaning merely the integrals of the positive
and the negative parts of the corresponding integrand. For example, the
positive part of a term in the RHS of (1.60), which, after decomposing
quantity (V,)P(5, v s 4,), corresponds to ¥,;_;(5;, 5;), is

exp [—1/213 » (xj-—y,-)Z]

jeJ
x wa dPJ(wJ) J.SA\/ dsA\J [( VA)j(l)(EJ v s/l\J)]2

xexp[ —V,(5, v SA\J)]’ S,=(xs Y5 0,) (1.61)

We use, for the positive and negative parts of such a term, a conventional
notation [(E9(x,, ) 10%e.

We conclude this section with a lemma containing the basic probabil-
ity estimate for a general system of oscillators. As noted before, a general
system of oscillators may be considered on a multidimensional lattice Z”
and have L,(R’) as a single-particle phase space, v, /=1. We now make
this concept precise. In Lemma 3 below, by a general system of quantum
oscillators (in a finite volume 4 <Z") we mean a probability distribution
on the path configuration space S“ (or on its subset such as S or
W, xS4V, where J= A4). By a path we now mean a multidimensional
Wiener trajectory w: [0, 8] — R’; all objects introduced so far are extended
to this case without difficulties.

The structure of a probability distribution is motivated, for example,
by the formula (1.51). More precisely, such a measure is determined by a
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normalizing denominator which has the form of an integral, over a subset
of S/, with a nonnegative integrand. In other words, we follow the defini-
tion of a Gibbs measure in classical statistical mechanics, in a situation
where the role of a “spin” is played by a path.

In these terms, the denominator =, determines the “original” measure
on S

1
= du, dP"(w 1) exp[ — V(w, +u,)]
Za

Other example of interest are measures on W7 xS determined by
the denominators Z¢(x,,y,) and +[(EY(x,, y,))¥]VE, x;, y,€R7,
p=1,2, provided that they do not vanish, of course (in the case />1
where derivatives are replaced with gradients, we treat separately different
components of the corresponding vector and tensor functions).

Furthermore, given a nonnegative function &,: (8} >R™* and a
Hilbert-Schmidt operator a in #, [ = L,((R’)’)] with a nonnegative kernel
s (R')’x (RY)Y > R+, we can speak of measures on S* determined by the
denominators = (&) and = ,(a) given by

E&)=] dsa &5 expL =V (5] (162)

and
EA(a)=j ds/t\.lj ds; l(y,, x;)explV (5, v 54,)]
Y 5/

5;=(xs, 555 0,) : (i.63)

In a general case (of complex-valued function and kernels), we can
deal with the positive and negative restrictions (of both positive and
negative parts) and consider the corresponding probability measures on S”.
~ Further, an “energy” V ,(5,) of a path configuration §,eS“ may be
generated by a non-translation-invariant, multibody interaction which is
described by a family {®,, je Z"} of the self-interaction potentials with

sup sup  |Pi(x)€x< (1.64)

jeZ' xeR:|x| <1

and a family {¥,, B<Z"} of the interation potentials. Here, ¥ describes
the contribution, to the potential energy, of a subsystem of oscillators over
a finite set B< Z’. We assume that ¥y is a function (R’)® — R. Actually,
for our purposes it is sufficient to assume that ¥ is nonzero for a finite
collection of sets B with |B| = 2. As for B with |B| =2, we assume that

[0 )l <Xl + Dlxg N+ 1)1 =57 =+ (1.65)
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where ¢ and # are positive constants and |j— j'| is the Euclidean distance
between j and j'. The condition (1.7) is preserved (with obvious modifica-
tions in the corresponding definitions).

We use the notation m, for a measure of one of the types previously
considered. In analogy with (1.51), the “local” density in a volume J< A4 is
denoted by k{)(5,), 5,87

Lemma 3. Consider a general system of quantum oscillators, as
specified above. Then for any cf € (0, ¢;) [see (1.7)] there exists a constant
c¥ R (depending on a measure m,) such that for any finite 4 = Z and
J< A and any 5,=(5;, je J)eS’

k) <exp| - T (erlsiE—eD)] (1.66)
jeJ

The constant ¢ may be chosen to be uniform for measures with the same
form of the denominator provided that, in the RHS of (1.7), (1.64), and
(1.65), ¢, and 5 are separated from zero and ¢,, ¢, and ¢ are varying
in compact sets. In the case of the measures on W’xS*Y with
the denominators Z9(x,,y,) and +[(EQ(x,, y,)P1ie, x;, y,eR’,
u=1,2 (and fixed interaction potentials), constants c¢f and c¥ may be
chosen uniformly for x,, y,€ O, where O < (R¥)” is a compact set.

The proof of Lemma 3 is carried out in the Appendix.

2. PROOF OF LEMMAS 1 AND 2

The proof is based on methods developed in ref. 1. For completeness
we reproduce a construction used in ref. 1 to transform our “ensemble” of
interacting paths into a polymer system. We start by treating the partition
function £, for the unperturbed Hamiltonian H [that is, for wo=w;=01in
(1.24)]. Let L, n, p be positive integers and 4 (=4, , ,)=Z be a interval
of length |A4] = (2p + 1)L + 2pnL, centered at the origin.® The interval 4 is
decomposed into pairwise disjoint consecutive intervals, or blocks, 4; and
B, (alternatively called blocks of type A and B, or briefly, A- and
B-blocks):

A,=A_,uB_,UA_,, -+ UB_UA4,UBy---UB, VA,
® The term “interval” and the notation [«, «’] are used here and below for intervals on the

lattice Z. By centered at the origin we mean that the origin coincides with the rightmost
point of the A-block A4, (see below).
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where [A,| =L, |B;| =nL. Furthermore, for any i= —p,..., p— 1 we decom-
pose the B-block B; into » consecutive intervals (blocks) of length L:

B,= U B[,k) lBi,k|=L

The blocks A4; and B, are sometimes called elementary.
The block partition of volume 4 allows us to write a path configura-
tion s, €S as a sequence

(SA_,,’ SB_pa'--: SBP’ SAI,)
and furthermore a path configuration s BjeSBf as
(SBj, 1 7"-53&;")

and to use the notation introduced so far. In particular, given an integer
L >0, the potential energy of a collection s, may be written as the sum

V<Li(s,)+ V> Hs,) (2.1a)

(the subscript A is omitted for the sake of simplicity). Here ¥ =<* includes
the self-interaction energy and the energy of two-body interactions at
distances <L:

VSHs4)=Vols)+ VEH(s4) (2.1b)
VlsL(SA) = % Z ll,[ffi'{(sia 5¢) (2.1c)
Li'eMisti’

and V>%(s,) is the remaining part of the energy containing the long-range
two-body interaction terms:

Vis) =3 Z ‘/’1?1-:"1(5135,") (2.1d)

ii'ed

where [see (1.41)], for 5,5’ €8S,

Vs s ) =vulss) if d<L (2.1e)
YShs,5)=0 if d>L (2.1f)

and
258 5 =Y als, 8T) = (s, ') (2.1g)

We call <% the short-range part of the interaction energy. Notice
that in the cutoff interaction picture the nonadjacent element blocks do not
interact.
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Let us now consider the long-range part of the interaction. Given two
blocks D and D’ (not necessarily distinct), we set

W>"(sD,sD,)='ZD ”ZD’tP;_L,u,(s,-, 5:7) (2.2a)
For a pair C={D, D'} we then write
W>Hse)=W>Xsp, sp) (2.2b)
We denote by €, the collection of block pairs C of the following form:
C={44;},  —p<ij'<p, j#j—1jj+1 '
C={4;, B}, -p<j<p, -p<j'<p-1, j'#jj—1
C={B;, B}, -p<JjJj'<p

Furthermore, given a block “triplet” {4, B;, 4;,,}, we set
W>L(SA,-: S SA,-H) = W>L(Aj’ Ay 1)+ W>L(5Aja SB,)
+ W Hsg, 55)+ W7 (s, 5,,,)  (22¢)

We then denote by £, the collection of triplets of the form
C= {Ajz Bj’ Aj+1}’ 4 <j< D
With this notation we can write

Vis)= ¥ W) (23)

CebyuPy

Therefore, calling o =exp[ — W>%(sc)]~ 1, we get

exp[ — V>L(SA)] = H [1+oc(sc)]=1+ Z H oc(se)  (24)

CeCruPy e vy Cel

To give an idea of the proof, let us consider the term corresponding
to unity in (2.4). We first introduce a cutoff on the path configurations s,
for ke 4;, je —p,..., p. That is, we write '

1= ' H {[XM(SA,) XM(SA,-+1)] +[1— XM(SA,-) XM(SAj+1)]}

J==pP

14
= A H XM(sAj) XM(SAj+1)

+ X [T xar(s.00) Xar(5.4,.)

Ye{—p,..p} keY®

X TT 0=t ) 2ael5.00.,)] (2.5)
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where x,, denotes the indicator function of a set of path configurations that
will be defined later.
Let us consider the following quantity:

expl— V<5501 11 tml5) Zn(s,) (2.6)

J=~p

It can be written as

¥4
exp[— %Vji(sfz_,,)] H XM(SAJ)T(SAjsSBjaSAj,I)XM(SAj.,,x)

j=-p
xexpl — 3V 5 (54,)] (2.7)
where
T(s.45 585 54.,)
— T(s.4:55,) H Tss, 58,000 T8,05.)  (28)
and

T(sp;sp)=expl3V="(sp) ~V=F(sp v sp) +3V=5(sp)]  (29)

Let T (=T,) denote the linear integral operator generated by the
kernel 7. This operator acts in a space of functions on S’* [this may be
C(S7), Ly(S7t, ds,,), or L,(S’:, ds 7,.) ], where J, is the single lattice interval
of length L (it is convenient to set J, = [0, L — 1] and write S* instead of
S’ and s" instead of s,). The operator T transforms a nonnegative
function into a positive one and is compact. According to the Krein—
Rutman theorem® (in either version), it has a unique positive eigen-
function v (=v,). The corresponding eigenvalue y (=y,) is not degenerate
and gives the maximal point of the spectrum of T. Finally, the width of the
gap between y and the remainder of the spectrum is positive.

A similar assertion holds for the adjoint operator T¥*; its extremal
eigenvector is denoted by v* (=v}) (the corresponding eigenvalue y*
coincides with y). We normalize v and v* in such a way that

(v, v*>=1 (2.10)

Here and below < -, -> denotes the scalar product in L,(S%, ds*):

(o, 0%y = LL ds* v(s*) v*(s*)

822/70/3-4-32



1006 Olivieri et al.

By using space translations S, we can define the “shifted” functions v(s )
and v*(s4), j= —p,.., p; for these functions the relation (2.10) will hold for

any Jj.
Now let 4, denote the family of pairs {A4;, 4;.,}, —p<is<p-—1
fC={A4,,4,,,}€%,, we define

T(n)(sAj; SAJ'+ 1)

—_—— 211
)’nv(SA,) v*(SA_,-+1) ( )

Pi‘(sc) =
Here, for m =2, T"(s, s') is defined iteratively by
T(s;5") = f ds" T~ Y(s;5") T(s"; 5')

where s, s', and s” stand for path configurations over appropriate intervals
(e.g., fOr Spo,2 - 17> Stme,om+ 1)2—11> @0 Sp(m— 1)L+ 1,me]> TESPECtively).
Returning to (2.6), we can write

[dssexpl=V=ts01 TT 1uls)

J==p

p—1
i e, T e

j=-r

X XS4, Xma(S 4;.,)] exp[—3 Va {s4_,)— 3 VA,,(SA,,)]

<1+ T I s | (2.12)

A%y Ced
4% F

We can now specify the reference system around which we perform a
perturbative expansion. This system is formed by a family of independent
path configurations over A-blocks. The partition function of this system is
precisely the term corresponding to unity in the RHS of (2.12).

Let us now explain how we make this expansion. For I'c%,u 2, we
define

B(I")={z’:B,.e U C} (2.13)

Cerl

and

B{()=[-p, P1\B(I)
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We start the argument by writing

[ ds.expl—¥(5.)]

T(sAx sBz 44 At-l»l

=y2np Z deA\UieBC(I')B[ I—.[ ,)) H QC(SC)
Feé,n?y ie B(IN) Cel
T(n)(sA 5S4, )
x [] ——Cexp[—4V. (5, ) exp[— 1V, (s,,)]
jeB() 14
(2.14)

We have used here the fact that, if there is no coupling between a B-block
and anything else coming from the g, terms, we can perform the path
configuration integration over this block. We finally get the region
U eper) Bi» where we deal with the nth iterates T” of the operator T.

The next step is to analyze the terms T(sy;s,,,) for jeB(I)
according to whether or not the path configuration s, belongs to a subset
of 8% where yx,,= 1. As before, we write

I= H {[XM(SA,-) XM(SA/-H)] + (1= xar(54) XM(SA,-H)]}

JjeBYr)
= Z H XM(SA,') XM(SAH,I) H {1 _XM(SA]) XM(sAj+1)] (2‘15)
1=BY) iel je BN
and then
T(n)(sAj;SAj+1)
je® ) ¥

T(n)(SA;; S4.1)
= Z H -_F-;_.XM(SA;) Ana(S 4, )

I<BY) iel
n)
" (SA,’ A,.H)

x [1

Je BN\

[1—2als4) XM(SA].H)] (2.16)

For the terms with ie [ we write

TN s 8., T s 484 )
ez "'“)~( o "1+1>U(54f)v*(5z1;+1)

" T \y"(s ) v*(s4,,,)

=[1+0¢(sc)] vls,) v*(54,.) (2.17)
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where C={4,, 4;,,}. Therefore, if we identify our pair C={4,, 4,,,}
with site i, we get

TS 435 4, )

n XM(SA,') XM(SA,’.H)
iel Y
Z 1_[ QC(SC H SA)Xm(sA)U (SA,+1)XM(SA,+1)
Yol CeY iel

We then collect the product terms
1—[ [1 —XM(SAI) XM(SAJ+1)]
ie B\J
calling them
H Q 2:(5 c)
CeBY{I\I
As a result, we get
T(n)(SA}'; sAj+1)

n
je BT v

=2 X Il etlso)

IcBYI') YeI CeY

X H Qé:(sc) H U(SA;) XM(SA,-) U*(SA,»H) XM(SA,-+1)
CeB(I'N ier
9 1_[ T(n)(sAjn; SAJ»H)
JEBAIN Y
Let us note that, given JcB°(J") and Yc I, if a pair C={4;,4,,,}
appears as an index in a term pZ(sc) with Ce Y <, it cannot appear
simultaneously as an index of ¢! [in which case C would have to belong
to BS(I\I].
Collecting all the previous expressions, we get

[ dsiexol-7,,)]
= ¥ 3 ¥

Frcs,u?y IcBWN) Yali

(2.18)

X J. ds;\uiesqr)B; exp[ - % VA_,;(SA_,,) - % VA,,(SA,,)]

T(s.4;; 55, SA,+1

X H H eclse) H 0%(s¢) H 0e(se)

ie BT ¥ Cer Cey CeBYIN\

T Ajr DA
X H ‘_(S—J_‘—_‘H 0(s.4,) Xa(54,) V¥ (50 ) XS 4,,,)  (219)

JEBE(INS Y ies
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The term

[T otlse) T eelse)
Cey Ce BN '
can be seen as associated to a pair ([, 1), where I5,1,c¥%,,
F3 N F4 = @:
IT ez(sc) T e&(sc) (2.20)
Cels Cerly
(the principle of the notation will be clear below).

We now want to express the partition function of the original system
as that of a polymer gas where the interaction is a hard-core exclusion.
Given Ce 4, v ?, 0%, [that is, C is either a pair of blocks of one of the
types indicated before or a triplet (4;, B;, A;. )], we define the support of
C, denoted by C, as

é:( U A,->u( U B,-)u( U A,-) (2.21)
itA;€eC i:Bi=C i:Bior Bi_1=C

Note that in this way we have added the two neighbor A-blocks to any
B-block which appears in C.

Now let us consider a quadruple R= (", I, 5, [4) with I',c¥,,
I'ce#,, and I';,I,<9,. A quadruple R is called admissible [which
means that it could appear in the expression {2.19) as a particular term in
the sum ¥ -3, 3, ]1if I'sn I’y = ¢ and moreover, if, for any block B, that
enters some pair or triplet Ce I'; u I, the pair of the two neighbor blocks
A;, A;,, does not belong to I';ul,. The last condition comes from the
fact that, by construction, a pair {4,, 4,,,} appears only in association
with the intermediary B-block B,. Hence, if B;eC, where C is from
I'y v T, then the pair {4;, 4;, } can appear as an index neither in a term
0%(S¢) with Ce YoIcB(I') nor in a term gi(S.) with CeB (I
(recall that we identify {4, A, ,} with site i).

If the block pairs or triplets C, and C, belong to {Ji_, I';, we say
that C, and C, are connected if C,nC,#@. An admissible
R=(I,I,, I';,T,) is called a polymer if, for any C and C'e{J}_, I,
there exists a sequence C;, j=1,.., k, such that any C;e J{_, I';, C,=C,
Cy=C, and C; and C;,, are connected for 1 <j<k—1.

If R=(Iy, I, I3, ,) is a polymer, we let I(R) be the set of those
values i for which either the corresponding B-block B; enters some
Cel' url,, or a pair {4;, A;,,}el;. Furthermore, J(R) denotes the set
of those values i for which the corresponding A-block A; enters some
Cel,url,. We define the support of R by

R=[ U (A,-uBqu,+,)]u( U A,.> (2.22)

ieI(R) i€ J(R)
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For any polymer R it is easy to see that the support R can be
decomposed into the union of pairwise disjoint intervals:

K
k=) G,
i=1

Here K= K(R) and G; may be either an A-block 4; [in which case je J(R)
and 4, does not enter any triplet {4,, B;, 4,,} with ieI(R)] or a union
corresponding to a chain of consecutive triplets:

Gi=AI,-UBl,‘UAIi+1U e UB/,'+M[UA[,'+m,'+1

Let us define the probability measures on S*:

nldsg)= ] pedss) (223)

i=1
Here, if G=A4,, then

dug(sg) _ u(s4,) wi(s.,q)

2.24
dsg e (224)
and, 1fG=A1U B/UA[+1U e UBI+mUA1+m+1= then
dug(se)
dsg
ul*(sAI) T(SAI; SBI; SA1+I) e T(SAI+m; sBI+m; sAI+m+1) Uirm+ I(SAH.,,,.-,‘)
= ym(n+1)/V'G
(2.25)
where

uf =v*yy if —p+1<i<p
U= VY pr if —p<iI<p-1
u¥(sq)=expl—3Va(s4)1=u,s,) if I=—porp
and A7 is the normalization to have a probability measure.

Next, we assign to a polymer R its (not necessary positive) “fugacity.”
First, we set

Z'(R)='[#R(dsﬁ) [T eelse) T[] eclse) T eelsc)  (226)

Celnul Cels Cely
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where 0% =p.; see Eq.(24). One can then check that the partition
function =, may be written in the following way:

Ey=y*"Coexp[— 3V, ] tad><v* expl—3V.0, ] 24> (K0*0, 22 0)* "

k
x [1 + ) > I1 c(R,)] (2.27)
k=1 Ry, Ry i=1
RicAl1gi<k,
RinRr=g,1<i<i'<k
Here the internal sum is taken over all (unordered) collections of polymers
for which the conditions indicated are fulfilled and

{R)={(R) Nz
X [(Kvv*, g >)# i~ +piAis R -1
x {[<vexp[-3V.4_,1, PP LA COh exp[~5V ], 20T y-
(2.28)

where 5(/, R)=1if A,< R and 4(/, R) =0 otherwise.

The term in the square bracket in the RHS of (2.27) can be interpreted
as the partition function of a polymer system with a hard-core interaction
and fugacity {. The product in front of this term is the partition function
of the system of noninteracting A-blocks.

Notice that the fugacity {(R) depends in general on p (this is the case
of those polymers that include the border blocks A4.,). However, this
dependence is rather weak and does not affect the argument used.

Furthermore, introducing parameters w, and w, as specified in (1.24),
one can produce a “full” polymer expansion for =, where the complex
terms are taken into account. This leads to a more complicated definition
of a polymer, which nevertheless is based on the same kinds of ideas. The
rigorous scheme repeats the one from ref. 1 and we will not go into tech-
nical details. The corresponding complex fugacity of a polymer is again
denoted by {(R); it contains, apart from the factors ¢’, i =0, 1, 2, some new
terms @> that are complex analogues of ¢°. See ref. 1 for further details.

In order to control our cluster expansion we need to estimate the
fugacity of a polymer. We start by studying the contribution coming from
the terms oZ(sc). Let us first specify the indicator functions y,,. The
parameter M runs over R, the positive half-axis. The function y,(s ),
i= —p,.., p, is defined as the space translation of a function y,,(s%), s“* e S~
The latter is the indicator of the set

SL = {st=(s, je[0, L—11)eS5 sl < M(1+r(j))} (229)
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where the norm |||, is defined in (1.48) and
r(j)=min[log(1 + j), log(L — j)]

Given a positive integer N, let E (= E ) be the probability density on
SLO-NL-11 (with respect to the measure dsgo y,._13) Of the form

u*(s(l)) T(s“); S(Z)) . T(S(N—l); S<N)) u(S(N))

‘/VtO,NL— 1]

E oM )= (2.30)

Here, the path configuration s®eSI¢-DHL=1] g the restriction of
Sovz—13 to the interval [(i—1)L, iL—1], i=1,., N. Furthermore, the
function u*(s1) is either v*(s'V) or exp[ — 4 ¥ oL _11(s")] and u(s™) is
either v(s™) or exp[ — 4V w-nrve_1(s?™?)] (all the combinations are
possible); cf. (2.23). Finally, Ao n._17 1, as before, the normalization to
have a probability measure.

Given J< [0, NL — 1], we set, in analogy with (1.51),

J
ks, = o dsco ne— 17w ESpove— 110 v s;) (2.31)

By Lemma 3, we get an estimate: for any J< [0, NL—-1],

K6 <ew| - 3 (e lsl3-o)] 232)
jed
In fact, the probability density Eo . _;q is either of a form assumed in
Lemma 3 or the limit of those densities. The constants ¢* >0 and ¢ do not
depend on N and L.
Moreover, for the probability measure uz on SI®"~11 with a density
E of the form (2.30) and for any j=0,.., N—1, we have

.uE({S[O,NL— 11° XM(SU)) = 0}) < ¢y exp( —EzMz) (2.33)

The constants ¢, and ¢, again do not depend on N and L.
Indeed, the bound (2.33) follows easily from the definition
(2.29)-(2.31), the bound (2.32), and the estimate

| ds exp(—c* [s]13) < exp[ — (c* —2) y*1 |_ds exp(—zls]3)
{seS:isl zy} S
provided that we are able to prove that the integral in the RHS is finite for

any ¢>0.
The last assertion may be proved in the following way. Given
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s=(x, w), we use the definition of the norm |s||3 and the Schwartz
inequality to write the bound

B B 2
IsI22 Bx? + 2x fo dt (1) + B~ Uo dt a)(t)]
which implies
B 2
fdsexp(—ausug)gj dxj P(dw)exp{—aﬁ-l[ﬁwj dtw(z)”
S R w 0

Performing in the RHS the integration in the variable x, we get the desired
result.
The following theorem is the crucial ingredient to control the terms

ch(sc)3

Theorem 2.1. There exist positive integers L, and positive
constants ¢, ¢, such that for any L> L, and M >1 and for any 5,5’ €S,,

T"(s;s")

m—l#gexp[fle—nexp(-—CzMz)] (2.34)

Since the proof of Theorem 2.1 is similar to that of Theorem 2.1 of
ref. 1, with the estimate (2.33) playing the role of the bound (2.4) of ref. 1,
we omit it. For estimating the terms ¢° and, in a complex domain, the
terms ¢>, one again proceeds in a way similar to ref. 1. It is convenient to
summarize all the bounds in Proposition 2.2 below. In this assertion, the
condition that M, n, and L are large enough and w, and w, are small
enough means the following. First, we impose the restriction M > M° and
n>=n° where M° and n° depend only on g and the potentials @ and ¥,
d> 1. Then, for M and n satisfying these conditions, we take L > L° where
L°= L% M, n). Finally, for M, n, and L that satisfy the above restrictions,
we consider wy and w, with max[|wel, |w,|]<w° where w®=wM, n, L).
The claim is that we can guarantee a proper choice of the thresholds M°,
n° L° and w° [in bounds (2.40) and (2.44)-(2.46) below these thresholds
depend on a parameter o]. Note that all the estimates that follow are
claimed to be uniform in p.

Proposition 2.2. Given M, n, and L Iagge enough and w, and w,
small enough, the (complex) polymer fugacity {(R) satisfies the bound

IC(R)I < I1 gc (2.35)

Celnululiulg
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Here, for C={D,D'}e¥,,

12M?n*(1 + w?) log(nL + 1)
reF(reL)

2
gc=max{ ,6Eexpl:—c*MTlog(rC+ l)jl}
(2.36)

where 7 is the total number of blocks of the both types, A and B, situated
between D and D', whereas for Ce 2, U %,

gc(M,n, L, w)

=max {IOOM2 Iog(nL-i-l)n[ +WL:'

1
log(L+ 1) F(L)

*
+ 100nLw, 6 exp (— :_8 M2>, exp[¢,M?*—n exp(—E4M2)]}

(2.37)

The constant c¢* comes from Lemmas 3, and &, ¢, from Theorem 2.1;
w=max[wg, w,].

The proof of Proposition 2.2 is similar to that of Lemma 3.1 of ref. 1.
In the proof one uses Theorem 2.1 together with (2.33) and the following
fact:

<8, lsj|>

252 )] < —— /DA 238
Walse SN < G ot + fi— ) EGi— 1) (238)
where
B
Isib Iy = | 1xi+wile)] x40 d
<L(lsd2+ Is,12) (2.39)

As before, we omit the details, referring the reader to ref. 1.
It now can be checked (cf. ref. 1, Proposition 2.2) that for M and large
enough we have, for some constant A" >0,
%< (Uﬁ*, XIVI) < (UU*:» XM) < 1
vz ~*?

%./V—l<< \/_ ,XM><./V
b4

N SN2
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Furthermore, for every polymer R the following inequality holds:
IRI<3#(yvl,ulyuly)

where |R| denotes the number of blocks of type A or B contained in R.
It then follows that, given o e [1/2, 1), we can choose », M, and L large
enough and w, and w, small enough so that, for every polymer R=
(I'y, T, Iy, I'y), the complex fugacity {(R) admits the bound

IR < o™ I1 g (240)

Celnuihulsurly
where

g.=2°H"g, (2.41)

The bound (2.40) is the basic ingredient for proving the convergence of the
cluster expansion. More precisely, proceeding as in ref. 1, Lemma 1, we get
the following resuit.

Proposition 2.3. Let £, denote the polymer partition function
figuring in the square brackets in the RHS of (2.27) (for the complex
perturbation of the Hamiltonian):

E,=1+3 Y I1 (R)) (242)

and x be given by

K=48 404+ 2 &c (2.43)

Cebyv 2y

[see (2.36), (2.37), and (2.40)]. Then, given ce[1/2, 1), we can choose n,
L, and M large enough and w, and w, small enough so that the estimate
(2.40) is fulfilled and the following bounds hoid:

1
exp K < ————r— (2.44)

Jo2-1/o)

~ 1—(e"—1
sup Y 'C(R)ISO’K—[—-zL’::——-)—];EG
Ve{die{-pi...pl} RVcR<A 1+0'e — 20e
vi{Bi.ie[~pi..p]}

(x, 0) (2.45)



1016 Olivieri et al.

and for any polymer R

k
) l0(Ry -, R ] 1SR

k21 Ry,..Rg i=2
Ry=R
<f(r) SXPLOU /o) RI] (246)

1— /o exp[Glx, \/0)]

Here ¢ denotes the standard Mo6bius function:

o(Ry,..R,)= y (—1)*ledeesing) (2.47)

‘e G(Ry. Ry)

where G(R,,..., R,) stands for the set of all connected subgraphs of the
graph with k vertices {1,.., k} and with the edges corresponding to those
pairs (i, j) for which R,nR;# & [the sum in (2.47) equals zero if
G(R,,...,R,) is empty one if k=1].

By using Proposition 2.3, we can control the standard cluster represen-
tation

k
E,=exp [ y Y o(Ry . R [] (:'(R,.)] (2.48)

kz1 Ry ey R j=1
RicAlgisk

which follows from (2.42).

Now we can give the proof of Lemmas | and 2. The expansion argu-
ment provided so far allows us to prove the assertion of Lemma 2 about
the analytic continuation of A, and the boundedness of |1 ,|. Furthermore,
we are able to prove the uniform convergence of the analytic functions

lim A,=1
p—o

while the parameters M, », and L and w,, w, are kept fixed (but are chosen
either large enough or small enough, respectively, in the sense that was
specified above).

The analysis of the kernels k¢’ and ¢ ,(-) for the operators that are
specified in the formulation of Lemma 2 is based on similar expansions of
quantities Z(x,, y,), x;, y,€R’.

Let us start by discussing the limit relation (1.30). We again assume
that 4 is of the form specified above. (This assumption will soon be
dropped.) Let us suppose for definiteness that J is a subset of B-block Bj.
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Proceeding in the same way as before, we can write the following represen-
tation for the quantity under consideration:

EP(x, y)=7# "D vexp(— %VA_,,): Am?
x {v* exp(— %VAp)a Laa (0¥0, Ype 2)# 72

xj ds 4 A5 4, dS g, A0 ;T (S 403 Spons V S755.4))

k
><[1+ > > I1 C(Rj;xj,yj)} (249)
k=1 Ripe Ric: j=1
RicA1<i<k,
RimnRi=@ 1<i<i'sk

Here §,=(x,, y,; ;) and the quantity T(s4,; 5., V §,; 54, ) is defined by
formulas similar to (2.8), (2.9). The sum in the square brackets has
the same nature as before [cf (2.27)]. The definition of a polymer is
again the same and the definition of the polymer fugacity ((R;x,,,)
follows a similar idea {cf. (2.23)-(2.26) and (2.28)]. This fugacity now
depends, in general, not only on p, but also on x,, y,, but, as before, this
dependence is rather weak: it affects only the polymers R for which
Rn(A_,uAdquB,ud, UA,)#D.

Finally, introducing the parameters w, and w; as specified in (1.24),
we are able to produce a full polymer expansion for Z,(x,,y,) with
complex terms. We again denote the corresponding complex fugacity by
R xp p,)- .

Our final aim is the same as above: we want to control the cluster
representation '

k
EA(x,,y,>=exp[z 5 Q(Rl,...,Rk)Hcu:,;x,,y,)] (2.50)
k21 Ri..Re J=1 '

RicA1<€igk

for a polymer partition function £ ,(x,, y,) given by the term in the square
brackets in the RHS of (2.49).

An analysis of the scheme of estimating the various terms contributing
to {(R; x,, y,) shows no major differences with the above construction.
There are two changes worth noting. First, the threshold values M, n,,
and L, and wy, w, depend in general on x, and y,. Second, we use the
assertion of Lemma3 for both cases, for the denominator =, as for
ZYx,, y,), because the measures yu, figuring in the definition of the
polymer fugacity either have denominators of this type or are limits of
those measures.
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After performing the necessary estimates we arrive at assertions that
are similar to Propositions 2.2 and 2.3 and give the desired control of
the convergence in the representation (2.50). Having the control of both
expansions (2.48) and (2.50), we can proceed in a standard way and
guarantee the existence of the limit

lim k(/tj)(sz ) =kYV(x;, ;) (2.51)

p—®

while the parameters M, n, and L and w,, w, are, as before, kept fixed (but
again chosen large enough and small enough, respectively). More precisely,
we choose values of these parameters so that the assertions of Propositions
2.2 and 2.3 and their analogues for {(R, x;, y,) hold and then perform the
limit p — oo0. The same scheme is used in the argument that follows.

In addition to {2.51), we get a representation of the limiting kernel
kY(x,, y,) in the form

k(J)(xJ’ yJ)zexp { z Z p(Rl’"':Rk)

kz1 Riyees Ric:
Rin(dgu Bovw A% &
for some ie {1,...k}

k k

<[ T &Rix)= TLER) |} 252)
Jj=1 Jj=1

Note that, for the polymers figuring in the expansion in the RHS of (2.52),

the fugacities £ and {(R; x,, y,) do not depend on p.

Let us now comment on how to extend the limiting relation (2.51) to
the general case A4 ~Z. Given an interval 4 = Z, we can “fill” it with our
A- and B-blocks as indicated (with p=p,=[(|4] ~ L)/2(n+ 1)]), with
the proviso that the “border” blocks 4 ., have, in general, a greater length
{for example, we can include, in each of these blocks, half of the rest length
|A] — L[2p(n+ 1)+ 1]}. Then we can proceed in the same way as before,
estimating the difference between k(x,, y,) and k“(x,, y,) in terms of
p4. While 4 7Z, p, tends to infinity, which guarantees the convergence
in (1.30).

In fact, we are able to do more. By using the argument developed, we
can prove that, given a finite J<Z and x,, y,€R’, the kernel £(x,, y,)
admits an analytic continuation, in the variables wg, w;, to Gy x ¢;, where
0, 1=0, 1, is a neighborhood of the origin in C (which depends, in general,
on x,,y,;, but not on A< J. Furthermore, these analytic functions con-
verge, uniformly in (wq, w,)€ Gy x O, to a limit, as A ~Z. The limiting
function is nothing but the analytic continuation of k“)(x,, y,).

Moreover, the formulas determining fugacities {(R; x,, y,) show that
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0, and O, may be chosen independently on x,, y, and the series under
consideration converges uniformly in x,, y, provided that these variables
run over a compact set in R”.

The same argument is used for proving the analyticity, boundedness,
and convergence of ¢ ,(a), where a is an operator of the kind considered in
assertions (b) and (c) of Theorem 2. To avoid repetition, we omit the
detailed argument. The reader can reconstruct it from the corresponding
discussion below related to ¢ ,(p?) (which is apparently the most difficult
case from the technical point of view).

A cluster expansion argument is used also for proving the mixing
property (1.32). Here, the main construction has to be slightly modified.
Namely, for u large enough, (x,w, y,0) and (xs @, ys,,) are associated
with nonadjacent blocks. If /¥ and S,/ belong to, say, blocks B, and
B,,, respectively, then, in a cluster representation for

k(JmUS“J(Z))(me \% SuXJ(Z), ysn Vv Su yJ(Z))
I'which is similar to (2.51)], the condition
Rin(4,vB VA, VA,UB, VA, )#T
becomes “almost equivalent” to one of the mutually disjoint conditions

Rin(4,UB, U4, )#&, but Rn(4,uB,ud, )=
or
Rin(4,uB"0A,, )#D, but Rn(d,uB,ud,, )=

More precisely, the polymers R; whose supports have a nonempty
intersection with both A4; UB;UA4; ., and A, UB,UA4,., give a
contribution that vanishes as | j, —j,| = co. This leads to relation (1.32).

The bound (1.29) (in the real domain) follows from the assertion of
Lemma 3 [see (1.66)] for the case of a measure m, with the denominator
Z,. Indeed, by integrating the RHS of (1.66) in P/(dw,) while x,,y,
remain fixed gives a function k{(x,, y,) with the desired properties. The
last fact may be proved by repeating the argument used for establishing
(2.33).

To prove the bound (1.34), we proceed as follows. First, we write

EA(%)][E%’(XJ, xy) %(XJ)]

kD(x,, x,) %(x»{ ( .
=g ‘:'A(%)

[cf. (1.62)]. (Recall that the function &, is assumed to be nonnegative.)
Repeating the scheme elaborated above, we can prove the convergence to
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a finite limit, as 4 ~ Z, of the ratio = (#%;)/Z ,. Hence, this ratio is bounded
uniformly in A. The remaining ratio

E(J)(st x;) Fi(x,)

EAF)

does not exceed, in view of Lemma 3, the RHS of (1.66). This gives the
desired result.

A bit more sophisticated reasoning is used for proving the rest of
Lemmas 1 and 2. We begin the discussion by proving the analyticity,
boundedness, and convergence of the derivative (1.35). Again to avoid
repetition, let us consider the second derivative only.

The starting point is formula (1.59). We see that the problem is
reduced to proving that the ratio of a single addend in the parentheses and
the denominator =, possesses the aforementioned properties. For definite-
ness, consider the ratio 2¢(x,, y,))*/Z,. As we noted before, we can
consider separately each addend arising in the braces [---] in the RHS;
we again confine the consideration to one of them, say, the quantity

[Pl dsp (VPG v 5,0.) expl—=Va(Ss v 5.4,)] (2:53)
wJ Y

§,=(x5 Y5 0y)

{we omitted the nonessential factor exp[ —1/28%,., (x;— ¥,)*1}. Further-
more, we expand (2.53) into the sum

(E07 | dP) | dsnso®(s) expl =Vl v 5.4))

+EN Y [ dPl)

P J
jleAj #) w

x LAV dsA\J‘pﬁ')_ﬂ(fj, 5, ) exp[— VA5, v s 47)] (2.54)

where §,=(x;, y;; @), §=(x;, y;; w;) for JjeJ, and 5. =s;=(x;; 0;)
for j e A\J.

We claim that a single addend in (2.54) admits an analytic continua-
tion, in the variables w,, w;, to a complex domain, of the same type as
before, and that:

(i) this domain may be chosen independently of an addend, and also
of A2J and of x,, y, running over a compact set O <R’
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(ii) The whole series (2.54) converges uniformly in wg, w, varying
within this domain and uniformly in 42> J and in the variables x,, y,€O.

Furthermore, as A #Z, each addend tends to a limit, uniformly in w,,
w,, x,, and y, in the same sense as above, and the limiting (analytic)
functions form a series that converges, in the complex domain under
consideration, again uniformly in the same sense.

To verify these statements, it is convenient to take a single addend in
the “positive” and “negative” parts as was explained before and treat them
separately. Again for definiteness, let us consider the term corresponding to
a fixed j' ¢ J and take its positive part only:

[(E(AJ)(st J’J))(z) 1+

~
i

~A

(2.55)

where

[EPy NG = | dP@) [ dsa, T 45,59

xexp[ =V (S, vs,.)) S=(nys0,)  (256)

For the sake of simplicity, we can assume that j=0, /= {0} and omit
the subscripts /, J, and + and the superscripts (2) and (J) from the
notation, writing =, (x, y),- instead of [(E9(x,, y,){ ],

The analysis of the term (2.55) proceeds in a way similar to that for
E(x,, y,)/E 4. We can write for Z,(x, y), a representation similar to
(2.49). The point is that the threshold values M°, N° and L° and wg, w,
can be chosen independently of /' and x,, y, running over O. Therefore,
the series that arises have a radius of convergence that does not depend on
x,, y,€ 0. Furthermore, by virtue of (1.5), the sum may be estimated by
the quantity

const - [d? log(d+'1) F(d)]~"

which guarantees the uniform convergence of the series (2.54).

Similar reasoning is used for establishing the bound (1.36). Let us
again discuss the case pu=2 and consider the contribution from
(E9(x,, ). As before, we decompose it according to (1.60). For diver-
sity, we will consider the term LV, v S,,\J)]Z A single term in the

corresponding series is related either to ¢')(s;)? or 0'")(s;) ¢/{}2 . (s,, 5;), or

YL (s sVl (s si), Jh 7 e A}

822/70/3-4-33



Olivieri et al.

1022
For definiteness, consider a term that corresponds to
(1) YAy
wlj j| /9 _])lplj—_] |( ): ]a.] EA\J
Such a term obviously does not exceed the ratio

[(E(Aj)(xh x,) JU,) 0% 7

=
=4

where

[ED e x5 -17

— J
- jwl dP(w,) LN ds 4, IV

X\ (855 85 ;o) expl =V 4(s; v sA\.I)]

(Sj’ Sj’)l

(1)
1j=J'l

= (x;; @) (2.57)

= {0} and omit

As before, we assume for simplicity that j=0 and J
excessive indices from the notation. According to (1.5) and (1.9), (2.57) is

less than or equal to
L1/ log(1/'1+ 1) F(7'NDI L1 log(1j"1 + 1) F(I "]~

dSA\{O} (Isolf ¢ + 1)2(|]Sj'”1 +1)

x jw dP(w)) me
So={(x0; wo) (2.58)

X (lls;-ll 1 + 1) exp[ =V 4(s0 Vv SA\{O})]

Hence, all we need is to prove the bound
(2.59)

SAOS ¢ expl — 8, (2 — &)]

=A

with constants &, >0 and &, € R independent of j', j” and 4. Here
o as 410y (Isoll 1 + 1)

ZL o
Z 4 SA\{0
X ([Is;ll s + 1)(lls; 1y + 1) expL =V 4(s0 v 5 41(0y)] (2.60)

This may be achieved by using the assertion of Lemma 3 [with the integra-
tion in dP(w,) over W] for a measure with the denominator Z (&), where

J=1{0,j',j"} and
(Isoll ¢ + 12 Cllsyll + D)llsoll + 1)
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APPENDIX

We prove Lemma 3 by using an argument similar to the one from
refs. 11 and 12. To make the exposition easier, we will use, wherever
possible, the notations from ref. 12, or those close to them. Let us start by
proving the assertion of Lemma 3 in the simplest case of the measure with
the denominator Z,. As in refs. 11 and 12, we deal with a sequence of
volumes (cubes) [¢], g=1, 2,..., where

[9]={j=Urrn j) €27 |l <1}
we choose and a sequence of positive integers [, so that
{, o /l,— (1 +20)] <o, where >0 is a constant. The volume of [gq] is
denoted by v,: v, = (2/,+1)". We denote by ||5|| the norm (1.48) with r=2.
The key technical assertion is the following proposition (cf. Proposition 2.1
from refs. 11 and 12):

Proposition A.1. Under the conditions of Lemma 3, for any ¢>0
and C>0, there exists «°>0 such that for any xe (0, «°) one can find
P>1 and a monotone increasing sequence @, g=P, P+ 1,.., with w, > 1
and lim, _, ,, @, = 0o, such that the following holds: Let A= Z” be a finite
set and 5, = (§;) be a path configuration from S*. Suppose that g > P is the
largest integer for which 3, /14 [}5,“2 =>w,v,. Then

> C+ ¥ Y A USRS
JjeElg+1]n A Jjelg+11nd jedA\[g+1]
<e Y s)? (A.1)

jelg+1InA

Moreover, if ¢ and C and ¢, ¢,, ¢ ¢, and i figuring in (1.7), (1.64), and
(1.65) are varying within compact sets (in the case of ¢, ¢, ¢, and n—
separated from 0), then «° and—for any ae(0,a°)—P and {w,, g= P}
may be chosen independently on these values.

We omit the proof of Proposition A.l: it repeats that of Proposi-
tion 2.1 of ref 11. In what follows we fix ¢e(0,¢,/3), C=c,, and fix
a€ (0, 2°). Given A<= Z’, denote by R, the set of the path configurations
5,€8% for which ¥, (1., I5|><w,v, for any ¢>P and by R, ¢=> P,
the set of the path configurations 5, for which ¢ is the largest integer > P
with 3, (14 1517 >@,0,.

An important corollary of Proposition A.1 is as follows.
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Proposition A.2. (a) Let a path configuration §,e®R,, where
g= P. Then

~VaiB)+Vantg+116aa15+11)

S(—c;+3) Y s~ Cw,. 10,4, (A2)
jelg+13
where the constant C' >0 does not depend on 4.
(b) Let5,eR,. Then, for any je 4,

VG )+ e 5)<D (A.3)

where ¢;(5)=[5dt ®(w(t)+ L, (1)), §=(x,y;w) [cf. (1.41)], and the
constant D’ does not depend on A.

The constants C' and D’ possess the uniformity property stated in
Proposition A.1.

The proof of Proposition A.2 is similar to that of Proposition 2.5 of
ref. 11 [combined with the proof of the bound (2.29) from ref. 117 and we
again omit it. Notice that all constants figuring in the various estimates
below possess the uniformity property.

The partition of §* into sets R, and {J s>p R, generates, for any
Jed and 5,=(5,jeJ)eS’, the corresponding expansion kY)(5,)=
k'(5,)+k"(5,). As in ref. 12, we are going to prove later that

k'(3,) < C"exp[(¥—c) ISP ki VP (S A 5)) (A4)
for any je A and

k"(s‘nszexp[—C'wqﬂvmw"vw—(cl—ss) v !\5,-112]

q=F jelg+11nJ
7 1)
% k§n,>[q+ ])(SJ\[4+ 1) (A.5)

where C”>0 and D" eR are constants independent of 4 and J< 4 and

P=sup Y ¥l
_ JEZL jeZvij#)
[cf. (2) and (3) in ref 12].
Having proved (A4) and (A.5), we can establish, by using an
induction on the card of J,!!? that

KD (5) <exp [ A F)] (A6)

jed
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for some constants E, FeR [cf (4) in ref. 12]. The next step is to check
that indeed a stronger inequality holds:

k‘n{j(s‘J)sexp{Z [(—c1+3s)nsnz+5]} (A7)

jelJ

where d >0 again does not depend on A, J<= A [cf. (5) in ref. 12]. The
assertion of Lemma 3 then follows with ¢} =c, — 3¢, c¥=4.

The choice of 0 is § = (E+c; —3e)wpvp+ F (precisely as in ref. 12).
If |5,1°<wpvp for any jeJ, (A7) follows from (A.4). Therefore, we can
assume that |[5,|>>w v, for some jeJ. Then k'(5,)=0 and kf,{;(@):
k"(5,).

By using (A.5) and an induction on the card of J, we can write in this
case!?

ki,fzsexp[z <—c1+3s>f|s-j:|2]

jeJ

x Y exp{—C"w,, v, 1 +D"v, ;+6card(J\[¢+1])}

g=P

<exp {— Y (e, —3¢e)||5;]1* + & card(J\[ P + 1])}

jeJ

<exp [— Y (ey~3¢e)|I5]|1* + 6 card J}

jeJ

which finishes the proof of Lemma 3.
It remains to check the bounds (A.4) and (A.5). The reasoning is again
similar to ref. 12 (cf. Appendix in ref. 12). We write

k(5)=2;" LN s g sy (55 V S 0g) exp[ =V (5, v sA\J)]

<expL—V NI E7" || dsqum(Ssv 50)

xexpl =V (s; v s,0,)]

x exp[5 (1551 + lls;1*) ¥+ 2D"] (A8)

Bound (A.8) follows from Proposition A.2(b).
Now pick a subset S;= {s€S: ||s||>< 1}; then for any finite A<= Z*

[ dsaexpl—Vi(s)] =277 (A9)
st
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where A>0 (see below). Then the RHS of (A.8) is
<Aexp(2D) exp(—c, 1512 + e+ 3 P52 + 3 P)

=1 ’ _ = ’
X =4 Lw»um s o 1y XPL=VaBnyy vV Savno )]

<C"exp[(P—cy) “51”2] kﬁl{/}{j})(g‘]\{j}) (A.10)
which proves (A.4).
Furthermore,
k"(5,)= 3 E;° JN s p stw (5, vV S as) €XpL=V (8, v s ,4,)]

qg= P S

—_1 -
< Z ey j dSA\JX‘Ji (5, V s 00)
Py sV !

X eXp Y, (=¢ |{§j1|2+cz)]
Lie[g+1]n4

xexp| ¥ 5 W'{j,n\%(u&jn%ug,-w)]
Liclg+1]lna jea\[g+1]

xexp| ¥ LT us',nZ)]

Ljefg+11nA jleM\[qg+1]

xexp[— VA(E-’\['I'*'I] V S (aNg +1] v S’[q-}- 1]nA)
V4110 408Tg+1144)] (A.11)

As before, the bound (A.11) holds for any (sequence of) path configura-
tions $t,,17~4€S8¥*1"4 g>P By using Proposition A2(a), we
continue (A.11) by estimating the RHS as

< Z eXp[ z (_Cl+38)”§j”2—-crwq+lvq+l]

qzP jelg+1]nJs

1 _ card([¢ + 131 A)
X [A exp (5 ?’)]

m—1 1 _ 5 ’
Xy J.S/‘\(qu)dsA\(J\[qH])eXP[ VaBntge11V Saurg+11)]

< z CXPI: )3 (_cl+38)”§j“2"—c,wq+lvq+l+D”vq+l:|

gz P jelg+11nyJ
J 1 I3
X kN5, 1) (A.12)

which proves (A.5).
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To prove (A.9), we observe (as in ref. 12), that

VZ(§Z)< Z_ (Pj(fj)'\" 4 Z ”51”2

jeA jel

and therefore

[, dsaepl~Va(sa)]
i

<T] f dsexp[ —o;(s)— Plsl*]

je;f

qcard 4
= A

where

j=inf |

dsexp[ —o,(s)— ¥[s*]1>0
J So

The last estimate follows directly from the properties of the Wiener
measure and the conditions imposed on the potentials @,;.

The proof of the assertion of Lemma 3 for other types of measures
does not differ from the case of the measure with the denominator = ,.
In fact, what matters is the system of bounds (1.7), (1.64), and (1.65).
The extension of the proof to other cases is immediate and we leave it to
the reader.

NOTE ADDED

We would like to thank a referee for bringing our attention of ref. 9,
where the multidimensional analogue of our model is studied and
analyticity and uniqueness of the Gibbs state are proved in the high-
temperature regime.
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